Abstract. Let A be an N × N irreducible matrix with entries in {0, 1}. We define the topological Markov Dyck shift D A to be a nonsofic subshift consisting of the 2N brackets ( 1 , . . . , ( N , ) 1 , . . . , ) N with both standard bracket rule and Markov chain rule coming from A. The subshift is regarded as a subshift defined by the canonical generators S * 1 , . . . , S * N , S 1 , . . . , S N of the Cuntz-Krieger algebra O A . We construct an irreducible λ-graph system L Ch(D A ) that presents the subshift D A so that we have an associated simple purely infinite
Introduction
Let Σ be a finite set with its discrete topology, that is called an alphabet. Each element of Σ is called a symbol. Let Σ Z be the infinite product space ∞ i=−∞ Σ i , where Σ i = Σ, endowed with the product topology. The transformation σ on Σ Z given by σ((x i ) i∈Z ) = (x i+1 ) i∈Z is called the full shift over Σ. Let Λ be a closed subset of Σ Z such that σ(Λ) = Λ. The topological dynamical system (Λ, σ| Λ ) is called a subshift or a symbolic dynamical system. It is written as Λ for brevity. There is a class of subshifts called sofic shifts, that contains the topological Markov shifts. Sofic shifts are presented by labeled graphs that are called λ-graphs.
In [Ma] , the author has introduced a notion of λ-graph system as a generalization of λ-graph. A λ-graph system L = (V, E, λ, ι) consists of a vertex set V = V 0 ∪ V 1 ∪ V 2 ∪ · · · , an edge set E = E 0,1 ∪ E 1,2 ∪ E 2,3 ∪ · · · , a labeling map λ : E → Σ and a surjective map ι l,l+1 : V l+1 → V l for each l ∈ Z + , where Z + denotes the set of all nonnegative integers. An edge e ∈ E l,l+1 has its source vertex s(e) in V l , its terminal vertex t(e) in V l+1 and its label λ(e) in Σ.
The theory of symbolic dynamical system has a close relationship to formal language theory. In the theory of formal language, there is a class of universal languages due to W. Dyck. The symbolic dynamics generated by the languages are called the Dyck shifts D N (cf. [ChS] , [Kr] , [Kr2] , [Kr3] ). They are nonsofic subshifts. Its alphabet consists of the 2N brackets: ( 1 , . . . , ( N , ) 1 , . . . , ) N . The forbidden words consist of words that do not obey the standard bracket rules. In [KM] , a λ-graph system L Ch(D N ) that presents the subshift D N has been introduced. The λ-graph system is called the Cantor horizon λ-graph system for the Dyck shift D N . The Kgroups for L Ch(D N ) , that are invariant under topological conjugacy of the subshift D N , have been calculated ( [KM] ).
In [Ma2] , a nuclear C * -algebra O L associated with a λ-graph system L has been introduced. The class of the C * -algebras contain the class of the Cuntz-Krieger algebras. They are universal unique concrete C * -algebras generated by finite families of partial isometries and sequences of projections subject to certain operator relations encoded by structure of the λ-graph systems. Its K-groups K i (O L ), i = 0, 1 are realized as the K-groups of the λ-graph system L. Therefore the results of [KM] imply that the C * -algebras O L Ch(D N ) for N = 2, 3, . . . are unital simple purely infinite whose K-groups are
where C(K, Z) denotes the abelian group of all integer valued continuous functions on a Cantor discontinuum K ( [KM; Corolllary 3.17] ). Let u 1 , . . . , u N be the canonical generating isometries of the Cuntz algebra O N that satisfy the relations: ). In the present paper, we consider a generalization of Dyck shifts D N by using the canonical generators of Cuntz-Krieger algebras O A for N × N matrices A with entries in {0, 1}. The generalized Dyck shift is denoted by D A and called the topological Markov Dyck shift for A (cf. [HIK] , [KM2] ). Let α 1 , . . . , α N , β 1 , . . . , β N be the alphabet of D A . They correspond to the brackets ( 1 , . . . , ( N , ) 1 , . . . , ) N respectively. Let t 1 , . . . , t N be the canonical generating partial isometries of the Cuntz-Krieger algebra O A that satisfy the relations:
. . , N subject to the following operator relations:
where
A the set of admissible words of the topological Markov shift Λ A defined by the matrix A.
If all entries of
is simple and purely infinite. Its K-groups
∞ denotes the countable infinite direct sum of the group C(K, Z) (cf. [Ma7] ). In general, the C * -algebra O L associated with a λ-graph system L has infinite family of generators.
are finitely generated, and its K 0 -groups however are not finitely generated. Therefore the algebras
are not semiprojective whereas Cuntz algebras and Cuntz-Krieger algebras are semiprojective (cf. [Bla] , [Bla2] , [Ma3] ).
The author would like to express his sincerely thanks to Wolfgang Krieger whose suggestions and discussions made it possible to present this paper.
The topological Markov Dyck shifts
Throughout this paper N is a fixed positive integer larger than 1. We consider the Dyck shift D N with alphabet
The symbols α i , β i correspond to the brackets ( i , ) i respectively, and has the relations (2.1)
for i, j = 1, . . . , N (cf. [Kr2] , [Kr3] ). A word γ 1 · · · γ n of Σ is defined to be admissible for D N precisely if n m=1 γ m = 0, where n m=1 γ m means the products γ 1 · · · γ n obtained by applying (2.1).
Let A = [A(i, j)] i,j=1,...,N be an N ×N matrix with entries in {0, 1}. Throughout this paper, A is assumed to have no zero rows or columns. Consider the CuntzKrieger algebra O A for the matrix A that is the universal C * -algebra generated by 3 N partial isometries t 1 , . . . , t N subject to the following relations:
We denote by Σ * the set of all words γ 1 · · · γ n of elements of Σ. Define the set
Let D A be the subshift over Σ whose forbidden words are F A . The subshift is called the topological Markov Dyck shift defined by A. These kinds of subshifts have first appeared in [HIK] in semigroup setting and in [KM2] in more general setting without using C * -algebras. If all entries of A are 1, the partial isometries
satisfy the same relations as (2.1) so that the subshift D A becomes the Dyck shift D N with 2N bracket. We note the fact that
The subshift D + A is identified with the topological Markov shift Cuntz-Krieger [CK] , the subshift D A is not sofic.
Since A satisfies condition (I), we can for each n = 1, 2, . . . find an element
Let for each n = 1, 2, . . . and each i ∈ N, α n(i) ∈ Σ − so that α n(i) β n(i) = 1. Then (· · · , α n(2) , α n(1) ) ∈ Γ − (x(k)) if and only if k = n. Thus the predecessor sets Γ − (x(n)), n = 1, 2, . . . are mutually distinct, so D A is not sofic.
Hence most irreducible matrix A yield non Markov subshifts D A . A λ-graph system L is said to present a subshift Λ if the set of all admissible words of Λ coincides with the set of all finite labeled sequences appearing in concatenatingedges of L. There are many λ-graph systems that present a given subshift. Among them the canonical λ-graph system is a generalization of the left-Krieger cover graph for a sofic shift, and which strong shift equivalence class is invariant under topological conjugacy of subshifts ( [Ma] ). The canonical λ-graph systems L
for the Dyck shifts D N together with its K-groups have been calculated in [Ma4] . One however sees that the λ-graph systems L C(D N ) are not irreducible, so that the
for the Dyck shifts D N together with its K-groups have been calculated in [KM] (cf. [Ma6] ).
In this paper we will study the Cantor horizon λ-graph systems L Ch(D A ) for the topological Markov Dyck shifts D A and its associated
We denote by B l (D A ) and B l (Λ A ) the set of admissible words of length l of D A and that of Λ A respectively. Let m(l) be the cardinal number of B l (Λ A ). We use lexcographic order from the left on the words of B l (Λ A ), so that we may assign to a word
and so on. Hence the set B l (Λ A ) bijectively corresponds to the set of natural numbers less than or equal to m(l). Let us now describe the Cantor horizon λ-graph system L Ch(D A ) of D A . The vertices V l at level l for l ∈ Z + are given by the admissible words of length l consisting of the symbols of Σ + . We regard V 0 as a one point set of the empty word {∅}. Since V l is identified with B l (Λ A ), we may write
is defined by deleting the rightmost symbol of a corresponding word such as
We define an edge labeled
, and an edge labeled β j form v
. It is easy to see that the resulting labeled Bratteli diagram with ι-map becomes a λ-graph system over Σ, that is denoted by
and L W (Λ A ) . Both of the λ-graph subsystems have the same vertex sets as L
together with the same ι-maps as
becomes a λ-graph system over Σ − . The latter λ-graph system is called the word λ-graph system in [KM2] . Since the union of the edge sets of
coincides with the edge set of
We will prove that the λ-graph system L Ch(D A ) presents the subshift D A . We denote by D * A and Λ * A the set of admissible words of the subshifts D A and Λ A respectively.
A with the relations (2.2), one sees
Proof. We will prove the desired equality by induction on the length k.
(1) Assume that k is 1.
(2) Assume next that the desired equality holds for a fixed k with k + 1 ≤ l. Take a word γ 1 · · · γ k+1 ∈ Σ * . We have two cases. 6
Case 1:
By the hypothesis of induction, one has
Hence we know that
By the hypothesis of induction, the word
Case 2: γ k+1 = β µ 0 for some µ 0 ∈ {1, . . . , N }.
By the hypothesis of induction, we have
, one has by the hypothesis of induction
Hence we have
Therefore the desired equality holds for all k with k ≤ l.
We faithfully represent the Cuntz-Krieger algebra O A on the Hilbert space H whose complete orthonormal basis are given by the vectors
by using the creation operators t i , i = 1, . . . , N on H defined by
We may identify ϕ A (α i ) and ϕ A (β i ) with the operators t * i and t i on H respectively. For a word γ 1 · · · γ k ∈ Σ * , it folllows that γ 1 · · · γ k is admissible in D A if and only if there exists a sequence (µ 1 , µ 2 , . . .
Hence we automatically know that the λ-graph systems L Ch(Λ A ) and L L is said to be λ-irreducible if for an ordered pair of vertices u, v ∈ V l , there exists a number Cuntz-Krieger [CK] , the λ-graph system (
Hence if A is an irreducible matrix with condition (I), then both the λ-graph systems
This section is devoted to studying operator relations among generators of the algebra O L Ch(D A ) to prove Theorem 1.1. A general structure for the C * -algebra O L associated with a λ-graph system L has been studied in [Ma2] as in the following way:
Lemma 3.1([Ma2;Theorem A and B], cf. [Ma5] ). Let L = (V, E, λ, ι) be a λ-graph system over Σ. Suppose that a λ-graph system L satisfies λ-condition (I). Then the C * -algebra O L is the unique C * -algebra generated by nonzero partial isometries s γ , γ ∈ Σ and nonzero projections e l i , i = 1, 2, . . . , m(l), l ∈ Z + satisfying the following operator relations:
for some e ∈ E l,l+1 , 0 otherwise,
simple and purely infinite.
We first consider the C * -algebra O L Ch(Λ A ) for the λ-graph system L Ch(Λ A ) .
Proposition 3.2. Suppose that A satisfies condition (I). The C * -algebra O L Ch(Λ A ) is canonically isomorphic to the Cuntz-Krieger algebra O A for the matrix A.
Proof. We notice that both the algebras O L Ch(Λ A ) and O A are uniquely determined by certain opertor relations of their canonical generators. We write the canonical generating partial isometries and the projections in O L Ch(Λ A ) as s β i , i = 1, . . . , N and e l N(i 1 ···i l ) , i 1 · · · i l ∈ B l (Λ A ), l ∈ Z + respectively. By the relations (3.1), (3.3) and (3.4), one has
For l = 1, one sees that by (3.2)
so that by induction one obtains
One also sees that (3.4) implies the equality
As the equality
= 1 holds, the C * -algebra generated by partial isometries s β i , i = 1, . . . , N is canonically isomorphic to the Cuntz-Krieger algebra O A .
In what follows, an N × N matrix A is assumed to be irreducible with entries in {0, 1}, and satisfy condition (I). By Proposition 2.5, the algebra O L Ch(D A ) is simple and purely infinite. We will describe concrete operator relations among the canonical generators of the algebra O L Ch(D A ) . Let A l,l+1 , I l,l+1 be the matrices as in Lemma 3.1 for the λ-graph system L Ch(D A ) . We denote by m(l) the number of the vertex set 
Proof. The equality (1.1) is nothing but (3.1). To prove (1.2), by the equality (3.4) and the first equality of (3.2), one has for a fixed l ∈ Z + ,
For k = 1, . . . , m(l + 1), there exists a unique edge labeled
For (1.3), one similarly has
On the other hand,
Let h be written as N (h 1 · · · h l+1 ). Then the condition A l,l+1 (k, β i , h) = 1 is equivalent to the condition that ih 1 ∈ B 2 (Λ A ) and k = N (ih 1 · · · h l−1 ). On the other hand, the condition N j=1 A(i, j)A l,l+1 (k, α j , h) = 1 is equivalent to the condition that j = h 1 , A(i, j) = 1 for some j and k = N (h 2 · · · h l+1 ). Hence one has
This implies the equality (1.3). For (1.4), we put
By using the first equality of (3.2), (3.3) and (3.4) recursively, one knows that the above defined projections commute with S j S * j and T j T * j for j = 1, . . . , N . Hence by (1.1), it follows that
Since A 0,1 (1, α µ 1 , j) = 1 if and only if j = µ 1 , it follows that by (3.4),
By (3.2) and (3.4), we similarly have
Since A k,k+1 (N (µ 1 · · · µ k ), β µ 1 , j) = 1 if and only if j = N (µ 2 · · · µ k µ k+1 µ k+2 ) for some µ k+1 , µ k+2 = 1, . . . , N, and the equality
Thus we conclude that (1.4) holds. Consequently the operators S i , T i , i = 1, . . . , N satisfy the relations (1.1), (1.2), (1.3) and (1.4).
In the above discussions, we have proved the equality
We next show that the relations (1.1), (1.2), (1.3) and (1.4) imply the relations (3.1), (3.2), (3.3) and (3.4). Let S i , T i , i = 1, . . . , N be partial isometries satisfying the operator relations (1.1), (1.2), (1.3) and (1.4). In the relation (1.4) for k = 2, by summing up µ 2 over {1, . . . , N } and using (1.2), we have
Lemma 3.4.
Proof. (i) By (3.5), we have
The equality (1.1) implies T * i S j = 0 for i, j = 1, . . . , N and hence we have
(ii) By (1.4), we have
for l > 1. Since T * i S j = 0 for i, j = 1, . . . , N and T * i T µ 1 = 0 for i = µ 1 , we have
By (1.3) one has
Lemma 3.5. Keep the above notations. The projection E µ 1 ···µ l commutes with both S j S * j and T j T * j
Proof. By (1.4), we have for l > 1
By (1.1), one has S * i T µ 1 = 0 for all i, µ 1 , and by (1.2) one has S * i S j = 0 for i = j.
commutes with E µ 1 ···µ l . By (1.4) and (1.1), we have
We similarly have the same equality for E µ 1 ···µ l T i T * i as above so that T i T * i commutes with E µ 1 ···µ l .
For l = 1, as we have
2), the projection E µ 1 commutes with both S j S * j and T j T * j by the above discussions.
Lemma 3.6. Keep the above notations. For µ 1 , . . . , µ l ∈ {1, . . . , N } we have
Proof. As we are assuming that the matrix A has no zero rows or columns, for l = 1, B 1 (Λ A ) = {1, . . . , N }. By (3.5) one has for µ 1 = 1, . . . , N S * µ 1
Suppose next that the assertion holds for l = k > 1. By (1.4) one has for 
Then the family of operators
satisfies the operator relations (3.1), (3.2), (3.3) and (3.4) 
Proof. The relation (3.1) is nothing but the equality (1.1). The equality (1.2)
the equality µ 1 ···µ l ∈B l (Λ A ) e l N(µ 1 ···µ l ) = 1 holds for l = k + 1 by Lemma 3.6 and hence for all l. The above equality with the equality
implies the second relation of (3.2) by using Lemma 3.6. The equality (3.3) comes from Lemma 3.5.
We will finally show the equality (3.4). For l = 0, e 0 1 = 1 by definition. If γ = α k for some k = 1, . . . , N , one has A 0,1 (1, α k , j) = 1 if and only if j = k. Hence
If γ = β k for some k = 1, . . . , N , one has A 0,1 (1, β k , j) = A(k, j). Hence by the relation (1.3) one has
For l = 1, one sees that e
where the last equality above comes from the fact that A 1,2 (i, α k , j) = 1 if and only if j = N (ki). If γ = β k for some k = 1, . . . , N , one has by Lemma 3.4 (i) and (1.3)
By Lemma 3.6 and (1.2), one has
For µ 1 · · · µ l ∈ B l (Λ A ) with l > 1 and α k ∈ Σ − , the relation (1.4) implies
We also have by Lemma 3.4
Since one has
Therefore (3.4) holds
By a general theory of the C * -algebras associated with λ-graph systems [Ma2] , the algebras O L Ch(D A ) are nuclear. If A is irreducible with condition (I) in the sense of Cuntz-Krieger, the λ-graph system L Ch(D A ) is λ-irreducible with condition (I) from Proposition 2.5 so that the algebra O L Ch(D A ) is simple and purely infinite by [Ma5] . By Proposition 3.3 and Proposition 3.7, the family of the operator relations (1.1), (1.2), (1.3) and (1.4) is equivalent to the family of the operator relations (3.1), (3.2), (3.3) and (3.4). Thus by Lemma 3.1 we conclude Theorem 1.1.
K-Theory
In this section, we will present K-theory formulae of the C * -algebra O L For the second diagram, as
by Lemma 3.4, it follows that
On the other hand, one sees for x = (x i ) i∈N ∈ X Λ A λ Λ A (χ µ 1 ···µ l )(x) = Hence the second diagram is commtative.
Therefore we have
Theorem 4.2.
Proof. (i) By an argument of [Ma2;Theorem 5.5], one knows 
Examples
Example 1 (Dyck shifts).
For the matrix A all of whose entries are 1, Theorem 1.1 goes to Proposition 5.1 ( [Ma6] ). The C * -algebra O L Ch(D N ) associated with the Cantor horizon λ-graph system L Ch(D N ) for the Dyck shift D N is unital, separable, nuclear, simple and purely infinite. It is the unique C * -algebra generated by N partial isometries S i , i = 1, . . . , N and N isometries T i , i = 1, . . . , N subject to the following operator relations:
where E µ 1 ···µ k = S * µ 1 · · · S * µ k S µ k · · · S µ 1 , µ 1 , . . . , µ k ∈ {1, . . . , N }. The K-groups are
Proof. The relation (1.3) implies that T i , i = 1, . . . , N are isometries. By summing up µ 2 over {1, . . . , N } in the second relation above for k = 2, one has the equalities
by using the first relation above. By summing up i = 1, 2, . . . , N in the above equalities, one sees the relation (1.1).
Example 2 (Fibonacci Dyck shift).
Let F be the 2 × 2 matrix 
where 
